Abstract. We prove that homogeneous spaces over the q-deformation of simply connected simple compact Lie groups with respect to Poisson-Lie quantum subgroups are equivariantly KK -equivalent to the classical one, extending the nonequivariant case of Neshveyev-Tuset. As applications of this equivariant equivalence we prove the ring isomorphism of the K-group of Gq with respect to the equivariant Kasparov product for the dual discrete quantum group, and the Borsuk-Ulam theorem for quantum spheres.
Introduction
After seminal works of Woronowicz [Wor87] and Podleś [Pod87] , comodule algebras over quantum groups became known to be a rich class of 'noncommutative' spaces in the study of operator algebras and noncommutative geometry. One geometrically interesting direction to generalize their results is given by the qdeformation G q of simply connected simple compact Lie groups and their homogeneous spaces due to Reshetikhin-Takhtadzhyan-Faddeev [RTF89] and VaksmanSoȋbel ′ man [VS90] . A C * -algebra obtained this way can be thought as a continuous deformation of the commutative algebra of continuous functions on a homogeneous space of G, which is an ordinary compact Riemannian manifold. Standing on this viewpoint, Nagy [Nag98] took a KK /E-categorical approach to compute the K-theory of quantum groups G q by utilizing continuous fields of C * -algebras over the parameter space with fiber C(G q ). His method was recently generalized to homogeneous spaces over Poisson-Lie quantum subgroups K S,L q by Neshveyev-Tuset [NT11b] . Their method proceeds by reducing the comparison of K-groups to the case of deformation quantization of open discs which appear as the symplectic leaves in the homogeneous space [KS98] .
The categorical structure of comodule algebras over such quantum groups is also interesting in connection with the Baum-Connes problem of quantum groups due to Meyer-Nest [MN06, MN07] . The analogue of the strong Baum-Connes conjecture for the dual of Hodgkin groups allows us to cast a new light on early results of Hodgkin [Hod75] , McLeod [McL79] , and Snaith [Sna72] concerning equivariant Kgroups of G-spaces. It is natural to expect that quantum homogeneous spaces are crucial in understanding of more general comodule algebras over G q . Indeed, the equivariant KK -theory for the Podleś sphere plays a central role in the proof of the strong Baum-Connes conjecture for SU q (2) by Voigt [Voi09] .
The main result of this paper is that the algebra C(G q K S,L q ) of the quantum homogeneous space is equivariantly KK -equivalent to the classical one C(G K S,L ) with respect to the translation actions of the maximal torus (Theorem 1). This extends the result of [NT11b] to the equivariant setting. The proof occupies Section 3, where we adapt the argument of [NT11b] to the equivariant case using the equivariant Universal Coefficient Theorem [RS86] and the triangulated structure of the equivariant KK -category [MN06] .
We observe two applications of our main theorem in Section 4, both of which require the equivariant form of the KK -equivalence. The first one concerns the ring structure of K * (C(G q )) with respect to the Kasparov product on theĜ qequivariant category (Theorem 2). Following the induction-restriction duality trick with respect to the maximal torus of [MN07] , we prove that K * (C(G q )) is isomorphic to K * (G) as a ring. This can be interpreted as a quantum version of Hodgkin's theorem which describes the ring structure of K * (G). The second application is an analogue of the Borsuk-Ulam theorem for the quantum spheres (Theorem 3), conjectured by Baum and Hajac [BH] . The theorem states that there is no equivariant homomorphism from C(S n q ) to C(S n+1 q ) with respect to the antipodal action of C 2 = Z 2Z. We prove it using the equivariant KK -theory for C 2 , which is modelled on the Lefschetz number argument of Casson-Gottlieb [CG77] . The crucial point is that the antipodal action on a odddimensional sphere is given by a restriction of a U(1)-action, which comes from the homogeneous space description of S n q . As a byproduct, we obtain that the n-dimensional spheres with the antipodal action of C 2 are mutually inequivalent. Acknowledgment. A major part of this research was carried out under the support of the Marie Curie Research Training Network MRTN-CT-2006-031962 in Noncommutative Geometry, EU-NCG. The author thanks Sergey Neshveyev for fruitful exchanges which were crucial to the early development of the research. This paper was written during the author's stay at the Mathematical Sciences Institute, Australian National University. He would like to thank them, particularly Alan Carey and Adam Rennie, for their hospitality. He is also grateful to Piotr M. Hajac, from whom he learned the Borsuk-Ulam problems during his lectures at ANU in August 2011.
Preliminaries
Throughout the paper G denotes a simply connected simple compact Lie group and g its Lie algebra. We fix a maximal torus T of G, and let W denote the associated Weyl group. We also fix a positive root system P of (G, T ) and let Π = {α i } denote the corresponding set of the simple roots. By abuse of the language we sometimes consider Π as the index set {i} for the α i . The associated length function on W is denoted by l(w), and the longest element by w 0 , whose length is denoted by m 0 .
We briefly review the definition of the quantum group G q for 0 < q < 1 and related constructs. The closed unit interval [0, 1] is denoted by I. We adopt the convention of Neshveyev-Tuset [NT07, NT11b] for the q-deformation of G, and that of Nest-Voigt [NV10] for the braided tensor products. When A is a continuous field of C * -algebras over I (or (0, 1]) whose fiber at q ∈ I is A q , we let Γ X (A q ) denote the C * -algebra of the continuous sections over X ⊂ I. We put N = {0, 1, . . .} and N + = {1, 2, . . .}. For each subset X of N, we let χ X denote the orthogonal projection onto the subspace ℓ 2 X of ℓ 2 N.
2.1. Algebras representing q-deformations. Let (a i,j ) i,j∈Π be the Cartan matrix a i,j = 2(α i , α j ) (α i , α i ) of g. Let U q (g) be the algebra generated by the gener- 
Let D(G q ) be the Drinfeld double of G q . It is a locally compact quantum group given by the algebra
* -algebras A and B, we obtain the braided tensor product
is the left translation, and the one λ of C * (G q ) is the left adjoint coaction. From this it follows that there is an isomorphism of C * -algebras
The above coactions restrict to the (function algebra of) quantum homogeneous space G q H for any closed quantum subgroup H of G q . When H is actually a group such as T , what is more is true. 
We may instead prove the corresponding equality for the action of C(G q ) on C(G q ) associated to λ. This action is given by h.a = h (1) aS(h (2) ) for the antipode S. The above equality is equivalent to
for any h, a in C(G q ). This is indeed the case by the commutativity of C(H).
By the proposition above we obtain the right translation action of
In the rest of the paper we shall be manly concerned with these D(G q )-C * -algebras.
2.3. Poisson-Lie subgroups. We follow the convention of [NT11b] . Let S be a subset of Π, and g S be the subalgebra of g generated by E i , F i for α i ∈ S. We let K S denote the closed subgroup of G characterized by Lie(K
be the subgroup of the weight lattice spanned by the fundamental weights w i for
is normalized by T , we also have a right translation action of
, which is trivial on T L . Hence the right translation action can be thought as an action of T T L .
is the algebra C(G q T ) of the quantum flag manifold. Example 3. Let G = SU(n) and Π = {α 1 , . . . , α n−1 } with the standard linear ordering
can be identified with the sub-quantum group SU
is the gauge action on the generators z 1 , . . . , z n of C(S 2n−1 q ).
Equivariant comparison of quantum manifolds

Our goal in this section is to show that the
Comparison family of quantum discs. For 0 < q < 1, let C(D q ) be the noncommutative disc algebra generated by an element Z q satisfying
The set of operators generated by this representation is equal to the Toeplitz algebra T on ℓ 2 (N) generated by the shift operator S∶ e n ↦ e n+1 . The homomorphism
). It is isomorphic to the algebra K of the compact operators. Now, let α and γ be the standard generators of C(SU q (2)), satisfying
Then one has a homomorphism from
By composing this with the representation (3), we obtain a representation ρ q of
The homomorphism (4) restricts to an isomorphism between C(SU q (2) U(1)) and C 0 (D q ) + . We record the image of the generators of C(SU q (2) U(1)) under this map:
Let τ t be the action of U(1) on C(SU q (2)) defined by
The conjugation action of U (1) is given by the composition of τ and the homomorphism U(1) → U(1) of mapping degree 2.
Let U t be the unitary representation of T on ℓ 2 N defined by (6) U t e n = e 2πint e n (n ∈ N).
We consider the adjoint action ad Ut on T . By (3), this is identified to the rotation action Z q ↦ e 2πit Z q on C(D q ). By (5), its restriction to C 0 (D q ) is identified to the action τ on C(SU q (2) U(1)). Note also that the restriction of the conjugation action of T to C(G q T ) is equal to the left translation action.
For q = 1, we formally put
The algebras above form continuous fields of
The algebra Γ I (C(D q )) of the continuous sections is defined as the universal algebra C * (Q, Z) generated by a positive contraction Q and another element Z satisfying
The inclusion of
Lemma 4. Let k ∈ N and i 1 , . . . i k be nonnegative integers. For each q ∈ (0, 1], the embedding
Proof. Suppose that the assertion is verified for k = 1, with the inverse β of ι in KK
Then the morphism β ⊗k will be the inverse of (7). Hence it is enough to prove the assertion for k = 1.
First suppose that q = 1. Then the evaluation at the origin ev o defines a U(1)-
T -equivalence, which is obviously inverse to ι.
Next we consider the case q < 1. Then we may use the following U(1)-equivariant graded C * -T -C-module β, which is already considered by Pimsner in the nonequivariant context [Pim97, Definition 4.3 and Theorem 4.4]. Pimsner's argument applies to our setting without change, but we briefly review it for the reader's convenience.
The graded Hilbert space for β is given by ℓ 2 (N)⊕ℓ 2 (N), endowed with the action of U(1) defined by (6) on each copy of ℓ 2 (N). We consider the natural action π of T on the first copy of ℓ 2 (N). On the second copy, its action is given by χ N+ πχ N+ .
The odd operator for β is given by the transposition of the direct summands.
On one hand, the composition ι⊗β equals the identity morphism of KK
On the other hand, the morphism β ⊗ ι − Id T is represented by the following C * -Tbimodule. The graded space is (ℓ
⊕2 of U(1). The right action of T is given by the right multiplication action on the second tensor component. The left action of T on the first copy of ℓ 2 (N) ⊗ C T is given by π ⊗ Id T , and on the second copy by
where π l is the left multiplication action of T on itself. Now, we construct a continuous homotopy between (8) and π ⊗ Id T . For each t ∈ [0, 1], consider the operator
Then at each t one has the homomorphism π t ∶ T → L(E T ) by π t (S) = S t . They satisfy π t −π t ′ ∈ K(E T ), and from the choice of S t above it follows that the connecting morphism π t remain U(1)-equivariant. The morphism π 1 agrees with (8), while the one π 0 equals π ⊗ Id T . Hence we have
The above construction can be formulated in the framework of U(1)-C(I)-algebras with respect to the trivial action of U(1) on I. The action of U(1) on Γ I (C(D q )) given by
defines a structure of the U(1)-C(I)-algebra.
In the following proposition we observe that the evaluation map at any point induces an equivariant KK -equivalence. Note that the KK -equivalence without the U(1)-action was proved in [NT11b, Lemma 6.3].
Proposition 5. Let k be any positive integer. For any q 0 ∈ I, the evaluation map ev q0 for the C(I)-algebra
Proof. The assertion is equivalent to that the kernel of ev q0 is KK
The field (C 0 (D q )) q∈[0,1) is a trivial field over [0, 1) with the fiber T . Hence the first summand of the right hand side is equivariantly contractible.
To handle the remaining cases, it is enough to consider the case q 0 = 0. For 0 ≤ m ≤ k, let A k,m denote the C(I)-algebra
The kernel of the evaluation map A k,m → A 
) and the evaluation map ev 0 induces an isomorphism 
, where B is the C(I)-algebra defined by
Now, the evaluation map for B is the tensor product of the maps ev 0 for the C(I)-algebras A k−1,m and C(S 3.2. Equivariant family of quantum homogeneous spaces. For each simple root α i , letσ i be the homomorphism U qi (sl 2 ) → U q (g) defined by
Its transpose extends to a * -homomorphism
For each element w of W , we shall choose and fix an reduced presentation
Then we obtain an irreducible representation π w of C(G q ) on ℓ 2 (N) ⊗k defined by
For the neutral element e ∈ W , the representation π e is understood to be the counit map ǫ∶ C(G q ) → C. Finally, we put π w,t = π w ○ ρ t for each t ∈ T , where ρ t is the automorphism of C(G q ) given as the right translation by t. The representations (π w,t ) w∈W,t∈T give a complete parametrization of the irreducible representations of
By construction the operators generated by the torus U(1) in U qi (sl 2 ) is mapped to the subalgebra generated by K i in U q (g).
Let a i denote the i-th column vector (a j,i ) j∈Π of the Cartan matrix of g. It defines a homomorphism a i ∶ T → U(1). By the relations (1) and q ai,j i = q aj,i j , the homomorphism σ i intertwines the adjoint action of T on C(G q ) and the one τ ait on C(SU qi (2)) by
As in Section 2.3, let S be a subset of Π and L be a subgroup of P c (S). Let W S denote the set of elements w ∈ W satisfying w(α i ) ∈ P for all α i ∈ S. For each 0 ≤ m ≤ m 0 , put
). By [NT11b, Theorem 3.1], we obtain a composition sequence
given by the surjective map a ↦ (π w,t (a)) w from J (q) m−1 to the right hand side. Remark 6. By the definitions of π w,t and the isomorphism (13), the action of T on J m−1 J m induced by the adjoint action corresponds to the product of the trivial action on C(T T L ) and (11) on the rest of the tensor components. The right translation action of T T L induces the translation action on C(T T L ) and the trivial action on the rest.
At q = 1, we have the embeddings γ i ∶ SU(2) → G associated to i ∈ Π. It induces the embeddings of discs
The adjoint action of T on Img(γ w ) is given by the following action determined by the maps a i1(w) , . . . a i k (w) [Lu99, Proposition 5] which is linear with respect to the coordinate given by γ w :
Thus, we may interpret (11) as an analogue of this action in the quantum setting. For each w ∈ W , we consider a continuous T -C(I)-algebra
whose fiber is given by
, endowed with the actions of T given by (11) for q < 1 and by (14) at q = 1. Note that A w is isomorphic to A l(w) .
Proposition 7. Let w ∈ W and 0 < a ≤ q 0 ≤ b ≤ 1. Then the evaluation map
Proof. The T -C(I)-algebra A w is given by (9) with respect to the integer sequence
The action of T is induced by the homomorphism T → U(1) k determined by the vectors a i k (w) . Hence we obtain the assertion by Proposition 5.
Next we consider the continuous field of
. This is a field of T × (T T L )-algebras coming from the fiberwise left and right translations of T .
Regarding this field, we obtain the following T ×(T T L )-equivariant KK -equivalence for the evaluation maps. The equivalence without the action of T × (T T L ) was already proved in [NT11b, Theorem 6.1].
Proof. The ideals J (q) m for q ∈ (0, 1] form a continuous field of T × (T T L )-algebras. We argue by induction that the evaluation map Γ [a,b] 
We also note that the T × (T T L )-equivariance for the left and right translations is the same as the equivariance for the adjoint action and the right translation.
The case for m = m 0 trivially holds as J (q) m0 = 0. Now, suppose that ev q0 is a KK T -equivalence for the bundle (J
. Then one has the equivariant exact sequence
by (13). This extension is compatible with the evaluation homomorphism ev q0 of each field.
By Proposition 7 and Remark 6, ev q0 is a KK T ×(T T L ) -equivalence for the quotient of (15). By the induction hypothesis for the middle column and the fact that
is a triangulated category implies that the evaluation map for the
Remark 8. S. Neshveyev pointed out the following partial strengthening of the above result. Let H be a locally compact group. We say that a continuous field of
A is RKK H -equivalent to the constant field with fiber A q for any q. Then the field In this section we shall analyze this ring.
Proof. Via the isomorphism (2), the right translation of T on the first copy of C(G q ) of the braided tensor product becomes ρ ⊗ λ on C(G q ) ⊗ C(G q ). Similarly, the left translation on the first copy and the adjoint action on the second of the braided tensor product becomes the direct product action λ ⊗ ρ on the usual tensor product. Now, fix 0 < a < q 0 < b ≤ 1 as before. The tensor product Corollary 10. The algebras
the homomorphism (16) can be identified to the embedding of C(G q ) into the second component of C(G q T ) ⊠ Gq C(G q ).
By Theorem 1, the algebras C(G q ) for different values of q are mutually KK Tequivalent. Corollary 10 implies the analogous equivalence for C(G q T )⊠ Gq C(G q ). It follows that the structure maps used to define the product on KK
can be identified for the different values of q.
Remark 11. The ring R 1 is the classical topological K-group of the compact topological space G endowed with the ring structure induced by the tensor product of vector bundles. It follows that K * (C(G q )) is isomorphic to the exterior algebra on generated by the classes of K 1 (C(G q )) given by the corepresentations for the fundamental weights [Hod67, Ati65] .
Remark 12. The algebras C(G q ) for different values of 0 < q ≤ 1 have been already known to be KK -equivalent to each other [NT11a] . Nevertheless, the KKequivalence need not respect the ring structure of the K-groups for locally compact spaces. For example, the 2-sphere S 2 and the two-point set {a, b} are KK -equivalent but their K-groups have the different ring structures.
4.2. The Borsuk-Ulam theorem for the quantum spheres. Let C 2 denote the cyclic group of order 2. We consider the n-sphere S n as a C 2 -space with respect to the antipodal map x ↦ −x, where we consider S n as the unit sphere of R n+1 . The Borsuk-Ulam theorem states that there is no C 2 -equivariant continuous map from S n+1 to S n . Since Borsuk's initial proof, there have been numerous alternative proofs and generalizations of the problem. See [Ste85, Mat03] for an overview.
In this section we show that the odd-dimensional quantum spheres S 2n+1 q of Example 3 and the even-dimensional ones S 2n q introduced by Hong-Szymański [HS02] satisfy an analogous statement, as conjectured by Baum-Hajac [BH] .
We briefly review the quantum spheres. The algebra C(S 2n−1 q ) is generated by elements z 1 , . . . , z n satisfying
The algebra C(S 
Thus, these invariants are isomorphic to the classical case.
The
Hence it is separate gauge action up to a finite cover.
Proposition 13. Let n be any integer greater than 1. The algebra C(S Proof. By Kasparov's Poincaré duality, one has a natural isomorphism
The technique is nothing new, but we include the argument for the reader's convenience.
When X is a Riemannian manifold, let Γ 0 Cl(X) denote the Z 2Z-graded C * -algebra of the continuous sections of the Clifford bundle over X. When X is compact we shall write ΓCl(X) instead. The minimal graded tensor product of graded algebras A and B are denoted by A⊗ B. As usual, ordinary C * -algebras are regarded as graded algebras with the trivial grading and the graded tensor product reduces to the (usual) minimal tensor product for such algebras.
By the Poincaré duality [Kas88, Theorem 4.10], we have ) as graded C * -algebras, we obtain
Since the action of C 2 is free, the right hand side is indeed isomorphic to
Arguing as above, we obtain the Poincaré duality isomorphism
for the nonequivariant case. Then we may identify the forgetful homomorphism
with the homomorphism of the topological K-groups
induced by the natural projection map
The space (S 2n−1 × S 2n−1 ) C 2 is the total space of a sphere bundle over RP )) must be an even integer. Now, suppose that n is odd, and that φ is a C 2 -equivariant KK C2 -morphism from C(S ] on K * (C(S n q )) becomes equal to 1, which is a contradiction. Next, suppose that n is even, and let φ be a C 2 -equivariant KK C2 -morphism from C(S . We ignored the problem of proving analogous statements for other compact topological spaces with free action of C 2 . Actually, their theorem implies that there is no C 2 -equivariant continuous map from the suspension SX to X when X is a compact free C 2 -space of finite covering dimension. It would be interesting to know to which extent Proposition 15 can be generalized.
